528 ' J. AIRCRAFT

VOL. 5, NO. 6

Analysis and Design of Wing-Body Combinations at

Subsonic and Supersonic Speeds

Frank A. WoopwarDp*
The Boeing Company, Seattle, Wash.

The method of aerodynamic influence coefficients has proved to be an effective tool for the
analysis and design of wings, bodies, and wing-body combinations at supersonic speeds.
This paper describes the extension of this method into the subsonic flow regime, and corre-
lates the theory with experiment over a wide speed range. The method may be applied to the
calculation of the pressures and forces acting on arbitrary wing-body combinations in steady
flight, including aeroelastic effects, and to the design of wing camber surfaces in the presence

of a body.

Nomenclature

aspect ratio

span

chord

aerodynamic coefficient
distance

singularity distribution function
distribution function
constant

body length

panel sweep

Mach number

radius

real part

perturbation velocities
freestream velocity
Cartesian coordinates
angle of attack

angular coordinate, panel inclination
taper ratio

leading edge sweep
integration variables
velocity potential
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Introduction

HE theory presented in this paper is a logical extension of
the linearized supersonic flow theory reported in Refs.
1 and 2, and summarized in Ref. 3. The problem of calcu-
lating the surface pressures, forces, and moments acting on an
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arbitrary wing-body combination is solved by representing it
by a system of source, doublet, and vortex singularities. The
effects of body volume, incidence, and camber are simulated
by line sources and doublets distributed along the body axis;
the effects of wing thickness are represented by planar source
distributions; and wing camber, twist, and incidence effects
by planar vortex distributions. The interference effect of the
wing on the body is provided by additional vortex distribu-
tions located on the body surface. The strengths of these
singularities are determined such that the resulting flow is
tangential to the surface at each control point.

The success of this method for analyzing supersonic flows
led to an investigation directed toward extending it into the
subsonic flow regime, since the linearized potential function
is governed by the same partial differential equation in both
cases. Further work revealed that a general solution valid
for all Mach numbers could, in fact, be derived for each
singularity. This unified approach for solving the linearized
potential flow equation is the basis for the methods presented
in this paper.

Aerodynamic Theory

A typical wing-body combination is illustrated in Fig. 1.
The wing and the surface of the body in the interference re-
gion are subdivided into a large number of quadrilateral
panels. These panels define the boundaries of planar singu-
larities used to simulate the effects of wing lift, thickness,
and wing-body interference. Additional line singularities
located along the body axis are used to simulate the lift and
volume effects of the body.

The singularities represent appropriate discontinuities in
the u, » or w velocity components across the wing or body
panels, or along the body axis. The potential function cor-
responding to each singularity must satisfy the Prandtl-
Glauert, equation

(1 - ﬂl?)q’xz + Pyy + Loz = 0 (1)

Solutions of Eq. (1) may be written in integral form. For
the line singularities,

_ Sn(®)dE -
o= a e 72O
where fi = —£ for line sources and fo = sint(x — £)/r for
line doublets. For the planar singularities
_K fn(&,m)dEdn
T ff{(x — O+ (1 — MYy — n* + 2 *
1-K zd&dn _
- ff(y—n)2+z2 n =235 (3)
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where K = 0.5for M < 1, K = 1.0for M > 1,and f; = —1
for constant source distributions, fi = Ly — £ for linearly
varying source distributions, and f; = 2(x — &/[(y — 7)* +
2?] for constant pressure vortex distributions. The second
term of Eq. (3) is included only for constant pressure vortex
distributions.

The potential functions corresponding to each of these five
singularity distributions may now be obtained by evaluating
these integrals within the appropriate limits of integration.
The perturbation velocity components are given by the par-
tial derivatives of the potential function as follows:

U = O¢/0x v = d¢/dy w= ¢/ (4)

Line Source

The potential due to a finite line source of unit strength
located along the x axis between x = z; and & = [ is obtained
by integrating Eq. (2) for n = 1 between the limits £ = 0
and £ = [. In subsonic flow the integral may be evaluated
directly, but for supersonic flow, the integral must be evalu-
ated separately in each of the three regions bounded by the
Mach cone from the origin and the Mach cone from the tail,
as illustrated in Fig. 2. In either case, the final result may be
written

o1 = R.dy — dy — xy log(zy + do) /(@2 + dy) ] (5)
where

di = [z 4 (1 — M2r2)2

d = o2 + (1 — Mo

1= — X
o= — 1

In subsonic flow, d; and d» may be interpreted as the distance
from the origin or tail of the line source to the point P’[z,(1 —
M2)r1/2] in the Prandtl-Glauert coordinate system. In super-
sonic flow, both d; and dy are imaginary ahead of the Mach
cone from the origin. Between the Mach cone from the
origin and the Mach cone from the tail, di is real but d is
imaginary. Behind the Mach cone from the tail, both d; and
d- arereal. The logarithmic term in Eq. (5) may be expressed
as the difference of two functions as indicated below:

R, log(a: + dv)/(xe + do) = Fl(z) — Fl(zy) (6)
where
Fl(z) = R.log(x + d)/(|1 — M)V

The function F1 can be expressed simply as an inverse hy-
perbolic sine in subsonic flow, or an inverse hyperbolic cosine
in supersonic flow. The velocity components may now be
obtained by differentiation. In eylindrical coordinates,

u = Rllog(xs + do)/(x1 + do) + (I/ds)]
v, = (1/r)R.Jd — (d* + zl)/ds)

In supersonic flow, these equations satisfy the boundary
conditions of a circular cone at zero incidence.

)

Fig.1 Typical wing-body combination.
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Fig. 2 Line source geometry.

Line Doublet

The potential due to a line doublet of unit strength located
along the & axis is obtained by integrating Eq. (2) forn = 2
between the limits £ = 0 and £ = [. The potential function,
valid for both subsonic and supersonic flows, is

sin@

L2 = ?77 R. [l‘x(d1 - d‘z) — ldy, +

X I + d\
2 (1 — M) log —— 8
=m0 )
where di and d; are defined as before and 8 is measured from
the z-y (horizontal) plane. The corresponding velocity com-
ponents are

us = (3inf/r) R.(dv — dy — xal/ds]
o = (sinf/2r)R{x(dy — di) + ldo — (1 — M Hr2 X
[2l/dy — log (w1 + &) /(22 + d) 1} (9)
vge = (cos8/2rHYR.[x(ds — dy) + Ide — (1 — MU Hr? X
log(zy + di)/ (s + d2)]

Constant Source Distribution

The potential for a constant source distribution on a panel
lying in the z-y plane is given by the first term of Eq. (3) for
n = 3. The limits of integration are defined by the boundar-
les of the panel, as illustrated in Fig. 3.

If the equation of the leading edge is £ = L, where L, =
tanAy, and the equation of the trailing edge is § = ¢ + Lay,
it can be seen that the integral (3) may be considered as the
sum of four integrals evaluated over semi-infinite triangular
regions having origins at each of the four panel corners.
That is, the potential at a point P(x,,y,,2,) is given by

e3(P) = ¢ — ¢ — ¢33 + ¢u (10)
where
P = <p3(xp — TrlYy — yk:'zﬁ) k= 1~4
and
=0 xs = L,b x3 = ¢ vy = ¢ + Lsb
y1—0 Z/z=b y3=0 y4—b
y=Db y,m
x = 0 —
1 Al
Fig. 3 Constant 2
source panel geom-
etry. X = C
3
4
| x,E
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Fig. 4 Constant pressure panel with trailing vortex sheet.

The limits of the elementary infegral ¢z may now be defined

K 1
¢3z.-=——fndn><
i 0

£ dg i
va G-+ a0 —n+apme W

where
T =T, — Tk Y=Y, — Uk

and £ are measured from corner k. For subsonic flow
£ = o and ;1 = «. For supersonic flow

== {01 = Dl — m + 2
Ly 4+ (1 — M)V — {2 — V@ — Ly)* + (12)

(L* + 1 — Mz2]pne
L+ 1—

2= 2,

m =

The integral may now be evaluated, and the following result,
valid for all Mach numbers, is obtained:

o = —(K/myFL + (@ — Ly)F2 — 2F3]  (13)
where
F1 = Ruflog (& + d)/[|1 — M?[r]i]
F2 = Rulog (@' + d)/[|1 — M2/} /(1> + 1 — M)
F3 = R.[tan~ted/(Lr — xy)]
and

r= (y*+ )12 d=[z2*+ (1 — My)r2]v2
2 = Le 4 (1 — M%)y y' =z — Ly
M=l - Lyt (L 1= M)
d =224+ (1 — MH)r'?]

It can be seen that the function F2 is proportional to
Fl(z’,d"), and is obtained by applying a Lorentz transforma-
tion to the coordinate system. The line source 1s now located
along the z” axis, which coincides with the panel leading edge.

The function F2 takes different forms, depending on the
Mach number and the leading-edge sweep. For subsonic
flows, F'2 may be expressed as an inverse hyperbolic sine.
For supersonic flows, F2 may be expressed as an inverse hy-
perbolic cosine if the leading edge is subsonie, or as an inverse
cosine if the leading edge is supersonic. It should be noted
that for supersonic flow, the Mach cone is invariant under 4
Lorentz transformation.

The function F3 provides the required discontinuity in the
plane z = 0 corresponding to the specified singularity dis-
tribution. For example, in subsonic flow, ¥3 = = for z >
Ly fory > 0, and for z < Ly for y < 0. F3 = 0 everywhere
else in the plane. For supersonic flow, F3 = = only for
x> Ly and y > 0, and is zero elsewhere.

The velocity components for a constant source distribution
are obtained by partial differentiation of Eq. (13). The re-
sults are

vy = K-(L-F2 — F1)/w (15)
War = KF3/7T (16)
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It should be noted that
@3 = Tuze + Yoz + 2w a7

The velocity components induced at a point P by a finite
panel may be obtained by superposition

us(P) = us — Uz — Uss + Ua
?)3(P) = vy — Vp — Vs + Uss (18)
wy(P) = wy — Wy — Wi + Wau

where the coordinate transformations are defined following
Eq. (10). The constant source solution presented here for
M = 0 is identical to that developed by Hess and Smith for
incompressible potential flow in Ref. 4.

Linearly Varying Source Distribution

The potential for a linearly varying source distribution on
a panel lying in the  — y plane is given by the first term of
Eq. (3) forn = 4. The potential function is chosen so that w
equals zero along the panel leading edge. The limits of in-
tegration are defined by the panel boundaries as before.

The potential function corresponding to one corner element
of the panel may now be evaluted. The result, valid for all
Mach numbers, is

pu = —(K/2m){(2ey + L(* — y3)]-F1 +
[z — Ly — L2411 — M?]-F2 —

2(x — Ly)-F3 — yd} (19)
where F1, F2, F'3, and d are defined following Eq. (13). No
new functional relationships are introduced in this solution,
only the coefficients of the functions are changed.

The corresponding velocity components are obtained by
partial differentiation of Eq. (19);

uy, = —K[(x — Ly)-F2 + yF1 — 2F3)/w (20)

v = K[(x — Ly) - (L-F2 — F1) +d — 2-L-F3]/x (21)
wy = K{(x — Ly)-F'3 — L-F1 +

2[(L2 41 —ﬂ[%-FZ—L-Fl]}/Tr (22)

In this case
L4 = (xuu- + you + 2w4k)/2 (23)

The velocity components induced at a point P by a finite
panel may be obtained by superposition, as indicated by Eq.
(18).

Constant Pressure Vortex Distribution

The potential corresponding to a constant pressure dif-
ference across a panel lying in the z-y plane is given by Eq.
(3) for n = 5. The limits of integration are defined by the
panel boundaries as before.

The discontinuity in pressure coefficient is equivalent to a
discontinuity in the axial velocity component u in the linear-
1zed theory. Since €', = —2u,

ACP = Cmower - Cpupper = —2Au (24)
The discontinuity in % will be used as the basic singularity in
the following analysis.

The potential function corresponding to one corner element
of a panel may now be evaluated. The result, valid for all
Mach numbers, is

ese = KAu{(z — Ly)-(F3 + F4) +
2[(L2+1 - MHF2 — L(F1 — F5)]}/21r (25)

where F1, F2, and F3 are defined following Eq. (13). Two
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new functions are introduced in this solution,

F4 = tan='(y/2) for M < 1
(26)
=0 for M > 1
and
F5 = log(Lr/r") for M < 1
(27)
=0 for M > 1

The corresponding velocity components are obtained by
partial differentiation of Kq. (25);

wse = KAu(F3 + F4)/2r (28)
vi = —KAulL- ('3 + P4) — 2-F6]/2r (29)

wye = KAu[(L2 + 1 — M%) -F2 — L-(F1 — F5) —
y-F8l/2r  (30)

where
F6 = (z + d)/r? for M <1
(31)
= d/r? for M > 1
and
d = R,z + (1 — MHr2]/2
as before. For M = 1, it should be noted that
wer, = Aul[L-F'5 — zy/r?l/ 2« forz >0
=0 forx >0 (32
since
F5 = L-F2 — F1 for M =1

Again, it can be seen that a simple relationship exists between
the potential function and the velocity components:

@5t = TUsk + YUsp + 2Wsk (33)

The velocity components induced at a point P by a finite
panel may be obtained by superposition, as indicated by Eq.
(18).

For the constant pressure singularities, the combined flow
field for a finite panel is characterized by trailing line vortices
from each side edge. If the panel is tapered, the trailing
line vortices have unequal circulation, and the difference is
made up by a trailing vortex sheet located between the two
line vortices. On the panel itself, the circulation is distrib-
uted uniformly over the surface. The trailing vortex sheet
is illustrated in Fig. 4.

At infinite distance behind the panel, the downwash along
the panel centerline approaches a constant value independent
of Mach number;

We = —2Au/w4 (34)

where A = panel aspect ratio b/c.

It should be recognized that the constant pressure panel
represents a highly cambered surface having infinite slopes
on all edges, except those for which I, < (M? — 1)V? (super-
sonic edges in supersonic flow). As a result, the choice of the
downwash control point is important if realistic lifting solu-
tions are desired. The downwash control point chosen in
this method is located at 959 of the local panel chord through
the centroid. This control point location has been deter-
mined empirically by an extensive correlation of chordwise
pressure distributions and lift curve slopes, for a variety of
wing planforms at both subsonic and supersonic speeds. No
theoretical argument has yet been developed to support this
choice of control point.

DESIGN OF WING-BODY COMBINATIONS
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Method of Analysis

The wing-body combination is represented by distributions
of singularities, whose strengths are adjusted to satisfy the
boundary conditions required by the geometry of the par-
ticular configuration. A typical wing-body combination is
illustrated in Fig. 1. The wing, and the surface of the body
in the wing-body interference region, is subdivided into a
large number of small panels. Each panel defines an area
over which a particular singularity strength is held constant.
In order to simplify the analysis, the body panels are assumed
to lie on the surface of a eylinder representing the mcan sur-
face of the body. The wing plane is assumed to be parallel
to the body axis, and intersects the body along a line formed
by the body pancl edges. High or low wing configurations
may be considered, but the effect of dihedral is not included.
The wing sections may have arbitrary camber, twist, inci-
dence, or thickness distributions, which are introduced as
perturbations about the mean wing plane.

Associated with each panel and line singularity used to
represent the configuration is a control point for matching the
boundary conditions. The aerodynamic problem is formu-
lated as a system of linear equations relating the velocity
components normal to the surface at each control point to the
unknown singularity strengths. The coefficients of this
system of equations are computed in terms of the v and w
velocity components given in the previous section, and stored
as a matrix of acrodynamic influence coefficients. The de-
tails of this procedure are outlined in Ref. 1.

Two types of problems are considered. In the divect, or
analysis, problem, the surface slopes at the control points are
given, and the singularity strengths determined by inverting
the aerodynamic matrix equations.

In the indirect, or design, problem, mixed boundary condi-
tions are normally specified. For example, the slopes at the
body control points and the pressure difference across the
wing panels may be given. These types of problems may be
solved by applying the techniques of matrix algebra to the
system of linear equations. The wing optimization problem
is a special case of the indirect problem, and is described in
detail in Ref. 1.

Once the singularity strengths that satisfy all the boundary
conditions are computed, the surface pressure distributions,
lift, drag, and pitehing moment on the wing and body may be
obtained. The forces and moments are computed by in-
tegration of the surface pressures. Consequently, the leading-
edge thrust associated with wings in subsonic flow, or sub-
sonic¢ leading-edge wings in supersonic flow, is not ineluded in
the drag calculation.

Results and Discussion

The application of the method to the analysis and design of
wings, bodies, and wing-body combinations at supersonic
speeds has been presented in Refs. 1, 2, and 3. The examples
given below are chosen primarily to illustrate the application
of the method to the analysis of subsonic flows, although some
additional supersonie results are given to show the continuity
of the method throughout the transonic regime.

Pressure Distribution on an Isolated Wing

The planform of the symmetrical, untwisted wing is shown
in Fig. 5. The wing has an aspect ratio of 3, taper ratio 0.5,
and quarter-chord sweepback of 45°. The NACA 65A010
section is defined normal to the quarter-chord line. The
experimental pressure data for M = 0.08, @ = 4°, and RN =
8 X 108 was obtained from Ref. 5 and is plotted as a function
of chord for three spanwise stations in Fig. 6. These data are
compared with the results of the present method calculated
for M = 0. The agreement between the theory and the ex-
periment is seen to be excellent over the entire wing, except
in the immediate vicinity of the leading edge.
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Fig.5 Wing planform.

Lift-Curve Slopes of Isolated Wings

The lift-curve slopes of three aspect ratio 4 wings having
45° leading edge sweep are plotted as a function of Mach
number in Fig. 7. The curves are conventional and agree
with the predictions of other linearized theories over the en-
tire Mach number range. It should be noted that the theo-
retical lift-curve slope for M = 0 agrees closely with the ex-
perimental values shown on pp. 96 and 97 of Ref. 6, for
A= Qand 1.

Subsonic Wing-Body Combination at Zero Lift

A swept wing centrally mounted on an ellipsoidal body at
zero incidence is chosen for this example. The geometry is
illustrated in Fig. 8. The wing has an aspect ratio of 3,
taper ratio 4, and the leading edge is swept back 53.5°. It
has a symmetrical RAE 101 airfoil 69 thick. The body is
three times the length of the wing root chord and has a fine-
ness ratio of 8. The pressure distribution on this wing-body
combination at M = 0is given by Hess and Smith in Fig. 37 of
Ref. 4.

The body pressure distributions calculated by the present
method are given in Fig. 8. Comparing these results with the
isobars shown in Ref. 4, it can be seen that the present method
predicts slightly lower peak negative pressures on the body
in the wing-body interference region. Insufficient informa-
tion can be obtained from the isobars to determine the peak
positive pressure predicted immediately ahead and behind
the wing leading and trailing edges on the body, however.
The wing isobars from Ref. 4 have been interpolated and re-
plotted on Fig. 9 as chordwise pressure distributions for three
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Fig.6 Chordwise pressure distributions, M = 0.08, a« = 4°.
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Fig. 7 Lift-curve slopes—aspect ratio 4 wings.

spanwise stations. The two methods agree exceptionally
well in this example. 1t should be noted that Hess and Smith
satisfy the flow boundary conditions on the surface of both the
wing and body. The present method satisfies the body
boundary conditions on the body surface, and the wing bound-
ary conditions on the wing plane of symmetry. This linear-
ization of the boundary conditions does not introduce appreci-
able error into the results for this 69, thick wing.

Transonic Wing-Body Combinations at Incidence

The wing-body combination selected for this example is
illustrated on Fig. 10. The wing has an aspect ratio of 4,
taper ratio 0.6, and a quarterchord sweepback of 45°. The
wing has no twist, a symmetrical NACA 65A006 section
parallel to the flow, and is centrally mounted on the body.
The body has an over-all fineness ratio of 12, although an
actual fineness ratio of 10 is obtained after the tail of the body
is removed for sting attachment. The model was tested in the
Langley 8-ft tunnel between M = 0.6-1.2, for a range of angle
of attack and Reynolds number. Experimental pressure and
force data for this configuration is given in Ref. 7.

The wing pressure data for & = 4° is plotted as a function
of chord for three spanwise stations in Fig. 11. Data are pre-
sented for three Mach numbers and compared with the
present theory. For M = 0.6, the flow is purely subsonic
and the agreement between theory and experiment is excellent,
except in the vicinity of the leading edge. For M = 0.9, the
oncoming flow is subsonie, but local areas of supersonic flow
have developed on the upper surface. The critical pressure
coefficient, corresponding to a local Mach number of unity, is
indicated by the dashed line on the figure. The present
theory still shows acceptable agreement with experiment on
the lower surface, where the pressure coefficient is subcritical,

=75
-.12 1 6
c

P

-.08

-.04

Isolated Bod
0 x
l / .3 1.6 2.4 \3.2

Fig. 8 Subsonic wing-body geometry, M = 0, a = 0.
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Mid-Epan Fig. 10 Transonic wing-body geometry.
0
15°,75°,105°, and 165° from the top of the body. The data
are shown in Fig. 12. The agreement between the theory
and experiment is acceptable for purely subsonic flow, M =
0.6, except in the immediate vieinity of the wing leading edge.
For M = 0.9, the agreement is again satisfactory, except in
regions where the local velocity is supersonic. The critical
pressure coefficient level is indicated by the dashed line.
Finally, for M = 1.2, the theoretical predictions also show ac-
1.0 x/¢ ceptable agreement with the experimental data.

Fig. 9 Chordwise pressure distributions, M = 0, o = 0.

but does not predict the upper surface pressure coefficient
accurately in regions of supercritical flow. This breakdown
in the theory in regions of supereritical flow is to be expected,
as the regions of influence of the individual singularities are
changed significantly in the transition from subsonic to local
supersonic flow. However, the theory gives useful informa-
tion on the approximate extent of the region of supereritical
flow, though it does not give acceptable results for the mag-
nitude of the pressure coefficients in this region. For M =
1.2 the flow is purely supersonic, and the agreecment between
the theory and expcriment is again acceptable, except near
the leading edge. This example again shows the need for a
leading-edge pressure correction to linearized theory that is
valid for swept wings in subsonic compressible flows, and for
subsonic leading-edge wings in supersonic flows.

The body pressure data for a = 4° is plotted as a function
of the distance from the nose for four meridian lines located

2Y/bh= 20

Fig. 11 Wing pressure
distributions, o = 4°,

Applications

In addition to the determination of the pressures, forces,
and moments acting on arbitrary wing-body combinations at
subsonic and supersonic speeds, the method has important
applieations in the solution of wing design problems. It may
be used to determine the wing camber, twist, and thickness
distribution which gives a specified upper surface pressure dis-
tribution in the presence of the body. This technique is use-~
ful in the design of wing-body intersections that avoid unde-
sirable interference effects and can lead to increases in the
cruising Mach number of subsonic transports. Similarly, the
design of the wing camber and twist for minimum drag under
given constraints of lift and pitching moment can improve the
over-all efficiency of supersonic transports

The method also can be applied effectively to the solution
of aeroelastic problems at both subsonic and supersonic
speeds. A linear relationship is established between the
aerodynamic forces acting on the wing pancls and the cor-

2¥/b=60 2Y/b=95
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Fig. 12 Body pressure distributions, o = 4°,

responding structural deflections. The resulting system of
equations may be solved directly to obtain the elastic airload

distributions and the deformed structural shape. This ap-
proach may be extended to derive simple, explicit expressions
for the rigid and clastic longitudinal stability derivatives of
arbitrary configurations. An example 1s presented in Ref. 8
which compares theoretical stability derivative estimates with
experimental data.

Conclusions

A highly versatile method for the analysis and design of
wings, bodies, and wing-body combinations in subsonic and
supersonic flows has been described. Acceptable agreement
between the theory and experiment has been demonstrated
over a wide range of Mach numbers. The method may be
applied to the calculation of the pressures, forces, and mo-
ments acting on arbitrary wing-body combinations in steady
flight, including aeroelastic effects, and to the design of wing
camber surfaces in the presence of a body.
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